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1 Introduction

Approximate solution of Fredholm linear integral equations of the second kind has been
and is still being practiced by very many researchers in the world. For example, in [1],
a modified multistage mean value integral method is applied to solve Fredholm integral
equations of the second kind. The proposed algorithm is based on the application of
multistage scheme to the modified mean integral value method. The effectiveness of this
method is illustrated by examples.

The authors of [2] proposed a numerical method for solving integral equations using
Chebyshev polynomials and Lagrange interpolation formula. They also showed results on
examples with Volterra and Fredholm integral equations of the first kind.

Researchers from Morocco in their paper [3] considered the polynomial Lejandre-
Kontorovich method for the numerical solution of the Fredholm integral equation of the
second kind with a smooth kernel. Numerical examples are given to illustrate the theo-
retical estimates.

In [4] the authors presented a new semi-analytic method for solving linear and nonlin-
ear integral and Fredholm integro-differential equations of the second kind and systems
including them. The main idea of the method is to apply the mean value theorem of
integrals. The possibilities of the method are demonstrated with the help of examples.

Applications of the method of Boo-Baker polynomials for approximate solution of
Volterra and Fredholm integral equations of the second kind are proposed by the author
of the article [5]. The author argues that these polynomials are an incredibly useful
mathematical tool because they are very easily defined. Numerical results in tabular and
graphical forms are given.

Russian researchers in their work [6] proposed the application of polynomial integro-
differential splines of the second and third order to the solution of integral equations, in
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particular, to the solution of Fredholm integral equations of the second kind. An appro-
priate quadrature formula is proposed for computing the integral in piecewise quadratic
integro-differential spline formulas. Results of numerical experiments are also given.

The paper [7] is devoted to the study of the numerical solution of the Fredholm integral
equation of the second kind by the spline collocation method. The author argues that for
numerical solutions of such problems the classical collocation method using polynomials in
spaces of p-summable functions is not always realizable, and even in case of its realization it
is not always possible to obtain characteristics and error estimates of such approximations.
For the main results collocation splines of the third order, as well as integral and averaged
smoothness moduli are used. At the same time the obtained results can be a starting
point for works with collocation splines of higher orders.

The author of [8] proposed a new direct interpolation method for solving linear integral
equations with weakly singular kernels. The researcher modified some vector-matrix bary-
centered Lagrange interpolation formulas in such a way that they are convenient for
interpolating the kernel twice with respect to two kernel variables and new ideas for the
choice of interpolation nodes are introduced to ensure the isolation of the singularity of the
kernel of the interpolation nodes. Numerical results are presented in tables and figures.

[ranian researchers in turn offered a numerical method for solving Volterra and Fred-
holm integral equations of the second kind [9], which is based on the special representation
of vector forms of triangular functions and the corresponding operational integration ma-
trix, the integral equation is reduced to a linear system of algebraic equations. The results
of numerical experiments are given.

A numerical method for solving linear and nonlinear Fredholm integral equations was
proposed in [10]. In this method, the integral is approximated by Romberg’s quadrature
formula. Some numerical examples are given to investigate the applicability of the method.

The paper [11] is devoted to a new polynomial method for solving Volterra-Fredholm
integral equations. The method is based on the use of shifted Lejandre polynomials
together with the Gauss integration formula, by means of which the integral equations
are reduced to a system of algebraic equations. Some examples are given to illustrate the
method.

The researchers of [12] proposed a numerical method for solving linear Fredholm and
Volterra integral equations of the second kind using Lejandre wavelets. The authors used
a quadrature formula to calculate the products of any functions that are needed in the
approximation of the integral equation. The problem is then reduced to solving a system
of linear algebraic equation. The numerical results are given in tabular and graphical
form.

Iraqi researchers in their work [13| presented a new technique for solving mixed
Volterra-Fredholm integral equations of the second kind. The method is based on using
a polynomial and transforming the integral equation to a linear programming problem
to be solved by simplex method. To demonstrate the competence of the method and the
accuracy of the results, a comparison between the exact and approximate solution is given
by calculating the absolute error.

The authors of [14] developed a Nystrom method based on the anti-Gauss quadrature
formula, which is investigated in terms of stability and convergence in suitable weighted
spaces. The Nystrom interpolation corresponding to the Gauss and anti-Gauss quadrature
formulas give upper and lower bounds for the solution of the equation under appropriate
assumptions, which can be easily checked for a particular weight function. The accuracy of
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the solution can be improved by approximating it with an averaged Nystrom interpolation.
The effectiveness of the method is illustrated by various examples.

The work of a Chinese researcher is devoted to the numerical solution of the Fredholm
integral equation of the second kind [15], which is based on the application of the Gauss-
Lobatto quadrature formula. The author gives the existence condition of the solution
and error analysis. Numerical examples confirm the theoretical analysis and show the
effectiveness of the considered algorithm.

A new method is proposed by the authors of [16] to solve the Fredholm integral
equation using Hosoi polynomials derived from one standard class of graphs called paths.
The researchers claim that the proposed algorithm extends the desired solution in terms
of a set of continuous polynomials on the closed interval |0, 1|. The accuracy and efficiency
depend on the set of Hosoi polynomials.

The authors of [17] used the Haar wavelet method for the numerical solution of one-
dimensional and two-dimensional Fredholm integral equations of the second kind. The
main idea of the Haar wavelet collocation method is to transform the integral equation
into a system of algebraic equations. Numerical results in tabular and graphical forms
are given.

Researchers in their work [18| applied the general Lejandre wavelet method to the
Fredholm integral equation of the second kind. Using a general operational integration
matrix, they approximated the Fredholm integral equation of the second kind by general
Lejandre wavelets. Some examples are given to illustrate the method.

The main purpose of this paper is to show the application of the method of quadrature
with derivatives for the numerical solution of the linear Fredholm integral equation of the
second kind. In addition, to illustrate the behavior of the absolute error with the help of
examples.

2 Method of weighted optimal quadrature formulas with

derivatives
In [19], an optimal quadrature formula in the space Lém)((), 1) is given:

m—1

1 N
/0 QZZCB ey m=0, 1,... (1)
=0

B=0

Here p(s) is the weight function, p(z) is the given function (pg = p(hf3)),C 5 are the
optimal coefficients of the quadrature formula, and h is the grid spacing.

The optimal coefficients of the quadrature formula (1) are determined using the fol-
lowing formulas:

(-D"

ol = % +— [Frr — Frol, (2)

k
o = (_;) [Ex(h(B — 1)) — 2F%(hB3) + Fp(h(B+1))], 8 =0,1, ..., N, (3)
C’J(Vk) = % + (_}3) [Frn—1 — Fin] (4)

Here

N hB — )t sign(hB — h
Fus = oo = 2 3 (10 é)(k—jflg.ﬁ 2, )
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=0 v=0

1
gk:/ p(s)stds, k=0, 1,..m—-1, m=1,2 ... . (8)
0

3 The main results

Consider the following linear Fredholm integral equation of the second kind:

— )\/ K(x,s)y(s)ds = f(z),z € [a, ], (9)

where K (z, s) is the kernel of the integral equation, f(z) is the free term (right-hand side)
of the integral equation,\ is the parameter of the integral equation, a and b are the limits
of integration, and y(x) is the unknown function to be determined.

Applying the optimal quadrature formula (1) to the integral equation (9) and passing
to the difference equations, we obtain:

[y

N
—A Zc =f, i=01,..N;m=1,2 .... (10)
0 B=0

3

i

In (10), the number of equations is N + 1, and the number of unknowns is m(N + 1).
In order to obtain the remaining equations (m — 1) times we differentiate the integral
equation (9) on the variable z:

i\ / K (2, s)y(s)ds = f'(z),

y'(2) = \ /0 K" (@, 8)y(s)ds = f"(x), .. (11)

ym D (@ /Km”(H)()ds—fm”()
m=0,1,....
Where

(¥) d* (*) d*
K (.I,S):@K(I,S),f (x)—d kf( )

k=0,1,..m=12 ..

Then applying the optimal quadrature formula (1) for each equation (11) and pass-
ing to the difference equations, we obtain a system of linear algebraic equations to
determine the values of the desired function y(x;) and the values of the derivatives
Y (i), y"(25), ..., y™ Y(z;) at the grid nodes z;(i = 0,1,..., N):

>—‘

m—

N
—A Zozﬁ yﬁ = fi,

k=0 B=0
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m—1

A >Ry =1 (12)
k=0 B=0
m—1 N
(m ! /\ZZqﬁ yﬁ —fz‘(m_l)v
—0 =0

i=0,1,..,N; m=1, 2

Then to calculate the coefficients of the system of algebraic equations (12) in the place
of formulas (2) - (8) we obtain:

ow Pk UYL o 13

2-0—74- 3 [Fikr — Firol, (13)
—1)k

C’Z.(g) = u[Fimq — 2Fiip + Firgt1), (14)

[Fien—1 — Fienl, (15)

k-1 N i+1 .
5 (hB — hy)" 7 sign(hB — hy)
szﬁ — fzkﬁ - Z( 1) Cz . ) (16)
== gl 2(k — 7+ 1)
! — hB)"sign(s — hp)
= (1 [ KW, )l d 1
= (1) [ KO ) B = a7)
k-1 N k—j
ik (7) (h”Y)
Pk =7 — 3> C , (18)
k' 7=0 v=0 ! <k B j)'
1
Gir :/ K® (2, 8)s"ds, k=0,1,..m—-1; m=1,2, ..., (19)
0

(k) d" (k) d*
K% (z;,5) = o K(xi,s), fi' = ﬁf(%)a

B=0,1,..., N,i=0,1, ..N, k=0, 1, ..om—1 m=1, 2,

Now let us turn to concrete examples for approbation of the above algorithm. For this
purpose, let us take a family of linear Fredholm integral equations of the second kind [7]:

y(z) — A / G(a)H(s)y(s)ds = f(x),x € [0, 1]. (20)

Here the kernel of the integral equation is K(x,s) = G(x)H(s). In (20), the function
G(x) can be taken before the integral. Then (20) and (11) will have the following form:

- 7G() [ ) = f@), a e 1]
—)\G’(x)/ H(s)y(s)ds = f'(x), ..., (21)

S 260w [H ) uls)ds = 1),
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m =1, 2
Replacing the integrals in (21) by the quadrature formula (1), we obtain the following
system of linear algebraic equations:

m—1

N
—AG Y Y ey = 1,

k=0 B=0

v — MG,

k=0 B
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1=0,1,...,.N; m=1, 2, ....
Where

dk
¢ = G(x,),i=0,1, ..N, k=01, ..m—1, m=1, 2,
To calculate CP-coefficients of the optimal quadrature formula, formulas (2) through

(8) are used. In (6) and (8), H(s) is used instead of p(s):

— hB) " sign(s — hp)
/ Hs 2(k + 1) as,

frs =

g = /IH(S)skds, k=0, 1,...m—1m=1,2, ... .
0
If (22) is represented in matrix form
AY = B, (23)
then the elements of the matrix A are determined by the following formulas:

A =1-AGVCP Ay = -2GVCO,  Agy = 26V,

Ao = - AGPCV, Apyis = —AGYCM L Agn = —AGYCY, L
Aoy = —AGLCH L Aggyyvk = —AGYCY L
Aopm-nyviny = —AGOCT VA, = - AGYCY,

A= -AGVCY, An=1-2G000, ., Ay = -Gy
Ainpr = —AGYCY, Aivia = -AGOCW, L Ay = —AG@(J};), o
Argiveny = =AGUCH A = G,
Aym-nvany = =AGCm Y Ay = —AGY (JN’:

Ao = -AGVCY Ay, = -G %1 o, Avy =1-2600¢0,

A = -AGOCH, Ay = -AGOCD, L Ay = 260y,
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Ay = - AGOCH L Ak = —AG0CP,
Avpmyvgny = - AGOC Y AL = -aaPe
Ap = -G Ay = -acPc® Ay =260,
Avir = = AGPCW | Ayes = -2GP W 0 Apn = -2GPCY,
An=1- G, o A = NGO
Aty vay = —AGHCT Y, oA, =GP OW,
Ago = —AGPC Ay = -AGWCO | Agy = 2GR O,

Aan1 = = AGHCY . Agnie = -AGHCY | Aganir = —AGPCD
Aakviny = =AGBCH L Agrnir = 1= AGWCP
Aatm-nvsny = —AGECI DA = -aa®eP,

A= -AGT 0 Ay =-AGImVe® L Ay = a6 e,
Anir = =AGT VW Anay = =AGECW L Ay = =AGTVeV,
Ay =1=XG"VC A = —AGETVCY,
Asmonvan = =AGETICTY LA = =aGTTYCR,

Apo = —AGT VO Ay = -AGVC0 L Ayy = A6 e,
Apngr = -AGTVCW | Aynis = =AGTVCW | Ay = —AGT VW,

Apeveny = =AGVCP ) L Argesnynak = —AGSTICW,
Avtm-nven = —AGS VYA, =1 AGey,
The elements of the free term B are defined as follows
B =f9 By=f" .. By=r9,
By = f](vlj-lv Bnyo = f2(1)7 oy Boyyr = f2(]1\2+17 e
By=fm Y Boy= T By= Y.

The vector of the sought function Y has the following form:

}/1 = y50)7 }/2 = y§0)7 cee YN = yg\(/})a
Yni1 = yz(\})+1> Yni2 = yél)a vy Yoy = ?JS\)/Ha e
Y = y’(ym 1), Y,Y+1 = ygn_izl), ey YM = y](\?il)’

where

yz@):yh GEO):GU fz([)):fzv 'L:Oa 17 R} Na
M=m(N+1)—-1,l=kN+1), a=1+ N, y=M — N.
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Solving the system (23) we define the vector Y. The first NV +1 elements of this vector
are the values of the required function of the integral equation (20), i.e.

yi=Y, i=0,1, ..., N.

4 Approbation of the method

A program in Maple language is compiled according to this algorithm. In addition to
numerical results, the program provides formulas for calculating the coefficients of the
optimal quadrature formula.

In the following examples it is necessary to solve the integral equations by the quadra-
ture method using the optimal quadrature formula at m=1, 2, 3, 4. Compare the results
with the exact solution and analyze the errors. The exact solutions of the examples are
determined using the formulas given in [20].

Example 1. In (13), K (z,s) = e ®, f(z) = e¢* —1, X = 1. Then the integral
equation (13) will take the following form:

1
y(x) — )\/ e *y(s)ds =e ", x € [0;1]. (16)
0
The exact solution of the integral equation (16) is:

y(z) =e€”.

The formulas for calculating the coefficients of the optimal quadrature formula are
given below:

C¥ = (" —h—1)/h, OO = (e™N-Dh — Nhpe)/h,
Y = rBD(eh 1) /h, B=1,2, ., N -1,
C§" = (e"(h = 2) + h + he) /(2h),
O = hPD(eh —1)(e"(h —2) + h+he)/(2h), B=1, 2, ., N —1,
CY = (2 +m) (" — WD) —2NK%e) /(2h),
Cs? = (e"(12 — 6h + h%) — 6h — h* — 12)/(12h),
C’[(f) _ h(B-1) (eh B 1) (eh(12 —6h+ h?) — 6h — h? — 12) /(2h),
B=1,2 ..,N—1,
CP = (™12 4 h? 4 6h) — N (12—
—6h) + e(6N? + 6h))/(12h),
O = —(e"(12 — 6h + h?) — 6h — h? — 12)/(12h),
CF) = —ehB=1 (el — 1) (e"(12 — 6h + h?) — 6h — h? — 12) / (2h)
B=1,2 .,N—1,
C® = —(eN-Dh(12 4+ B2 4+ +6h) — N (12+
+6h + h?) + e(6Nh* — 2N?h* + 4h))/(12h).
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The results for this example are shown in Table 1la,b,c and Figure la,b,c for A= 0.1,
0.05, 0.025.

Table 1a, Results of solving the integral equation (Example 1, K(x,s)=exp(-s), fix}=expi(x)-1,
y(x)=expix), b=0.1)
Optimal quadrature formulaz Absolute error

Exact

solution m=1 m=21 m=23 m=4 m=

X;
m=23 m=4

000 10000000 10022660 | 09999992 | 0.D0000OG | 1 0000000 | 227E-03
0,10 11051709 | 1,1074360 | 11051702 | 11051705 | 11051709 | 2 27E-03
020 12214028 | 1,22356687 | 1,2214020 | 12214024 | 1,2214028 | 2,27E-03
030 13408388 | 1,3521248 | 1,3498581 | 13498384 | 1.3408588 | 2,27E-03
040 14918247 | 14940907 | 14918239 | 14018243 | 14918247 | 2,27E-03
050 16487213 | 16509873 | 16487205 | 16487200 | 16487213 | 2 27E-03
060| 18221188 | 1,8243848 | 18221180 | 18221184 | 18221188 | 2,27E-03
070 20137527 | 20160187 | 20137520 | 2,0037523 | 20137527 | 2, 27E-03

3,7EEOT | 1,B0E-10
3,7EE0T | 1,B0E-10
3,7EEOT | 1,B0E-10
3,78E-0T | 1,B0E-10
3,78EQT | 1,B0E-10
3,7EEOT | 1,B0E-10
3,7EEOT | 1,B0E-10
3,7EEOT | 1,B0E-10
3,78E0T | 1,B0E-10

080 22255400 | 22278060 | 22255402 | 22255406 | 2.2255400 | 2 27E-03

090 24386031 | 24518601 | 245946024 | 24506027 | 24596031 | 2,27E-03 | 7,533E407 | 3.,78E40T7 | 1,80E-10
100 27182818 | 2,7205478 | 2,7182811 | 2 7182815 | 2, 7182818 | 2,27E-0% | 7,53E-07 | 3,78EO7T | 1,80E-10
Ehlnximuom absolute crror| 2,27E-03 | 7,550-07 | 3. TAT-0T | 1,80E-18

B

ADEaT

1007

g ——————————————————————————————————————————
oo 0.2 04 06 0E 10 12

== = 1 =i =3 =i = 4

Fligure la. Graphical illusiration of the absolute error (Example 1, Kix,z)=exp(-3), fixj=expix)-1,
yixj=exp(x), b=0.1}
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Table 1a, Kesults of zolving the integral equation (Example 1, K(x,s)=exp(-z), f{x)=exp(x)-1.
viz)=exp(x), h=0.05)

g Optimal quadrature formulaz Abszolute error

X; g

: solution m=1 m=2 m=23 m=4 m=1 m=1 m=23 m=4

000 | L0000 | 10005684 | 10000000 | 10000000 | 10008000 | 568E-04 | 4,72E-08 | 2.36E08 | 2.81E-12

010 1105170% | 1,1057373 | 1,1051704 | 11051709 | 1.1051709 | 5646E-04 | 4,72E-08 | 2.36E-08 | 2.81E-12

020 1,2214028 | 1,2219681 | 12214027 | 1,2214027 | 12214028 | 5,66E-04 | 4.,72E-08 | 2,36E-08 | 2,81E-12

030 1,3408588 | 1,3504252 | 1,3498588 | 13408388 | 13408588 | 5,66E-04 | 4,72E-08 | 2 36E-08 | 2,81E-12

040 14918247 | 14923011 | 14918247 | 14918247 | 14918247 | 5,66E-04 | 4.72E-08 | 2 36E08 | 2.81E-12

050 16487213 | 16492876 | 16487212 | 16487212 | 16487213 | 5,66E-04 | 4,72E-08 | 2.36E0DE& | 2.21E-12

060) 18221188 | 18224852 | 1,8221188 | 1. B221188 | 1.8221188 | 5,66E-04 | 4,72E-08 | 2. 36E08 | 2.21E-12

070 20137527 | 2,01431%91 | 2,0137527 | 20137527 | 20137527 | 5,66E-04 | 4,72E-08 | 2.36E-08 | 2.21E-12

080 | 22355400 | 22251073 | 22255408 | 22253400 | 22255400 | 5,66E-04 | 4.72E-08 | 2,.36E-08 | 2,B1E-12

080 | 24506031 | 24501685 | 24596031 | 24506031 | 24506031 | 5,66E-04 | 4,72E-08 | 2 36E-08 | 2,B1E-12

1,00 | 2, 7182818 | 2, 7188482 | 27182818 | 2,7182818 | 2,7182818 | 5,56E-04 | 4,72E-08 | 2 36E-08 | 2,B1E-12
Maximum absolute crvor| 5,66E-0d | 4, T2E=08 | 26008 | 2,81E-12

F F 3 F A - e F 3 e e F

AR

ASE-IE

SR

SoEE

LA

| L = B L = L = = L

LOEE

158

1

AEw

i ————————————————————————————————————————————————————————

o0

02

04

i = T

=

05

——ii = 4

oz

10

12

Flgure 1a. Graphical illustration of the abzolute error (Example 1, Kix,z)=expi-z), fix=expix)-1,
¥ixl=exp(x), h=0.05)
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Table 1a, Kesults of zolving the integral equation (Example 1, K(x,s)=exp(-z), f{x)=exp(x)-1.

viz)=exp(x), h=0.025)
g Optimal quadrature formulaz Abszolute error
Y| solution m=1 m =21 m=23 m=4 m=1 m=1 m=23 m=4
000 | 10000000 | 1,0001416 | 10000000 | 10000000 [ 10000000 | 1,.42E-04 | 2,93E-0% | 1 4TE-0% | 4,49E-14
010 1,105170% | 1,1053125 | 1,105170% | 11051709 | 1,1051709 | 1.42E-04 | 2,95E-0% | 1 4TE-0% | 4,60E-14
020 12214028 | 1,2215443 | 1,2214028 | 12214028 | 1,2214028 | 1,42E-04 | 2,05E-0% | 1 4TE0% | 4.62E-14
030 1,3408588 | 1,3500004 | 13498588 | 13408388 | 13408588 | 1,42E-04 | 2,03E-0% | 1 4TE-0% | 4,60E-14
040 14918247 | 14919663 | 14918247 | 14018247 | 14918247 | 1,42E-04 | 2,03E-0% | 1 4TE-0% | 4,64E-14
050 16487213 | 16488620 | 16487213 | 16487213 | 16487213 | 1, 42E-04 | 2,93E-09 | 1 4TE-0% | 4,66E-14
060 18221188 | 1,8222604 | 18221188 | 18221188 | 18221188 | 1, 42E-04 | 2,95E-0% | 1 4TE-0% | 4,66E-14
070 2,0137527 | 2,0138943 | 200137527 | 2,0137527 | 20137527 | 1,.42E-04 | 2,95E-09 | 1 4TE-09 | 4,40E-14
080 ( 22255400 | 22256825 | 22255400 | 2 2233400 | 2,2255400 | 1,42E-04 | 2,95E-0% | 1L4TE0® | 4. 40E-14
080 24508051 | 2,4587447 | 24596031 | 24306031 | 24586031 | 1,42E-04 | 2,03E-09 | 1 4TE-0% | 4. 44E-14
100 | 27182818 | 2,7184254 | 27182818 | 27182818 | 2,7182818 | 1,42E-04 | 2,93E-0% | 1 4TE-0% | 4, 44E-14
Minximuam abaolute crror| 1,42E-04 | 235T-0% | 14TE-07 | 4,66-14

AT

o ke ™ " " " i " " i A

LEE-m

10Em

S0

e ————————————————————————
o0 02 04 05 oF 10 12

ey = == =5 —— = 4

Flgure 1a. Graphical illustration of the abzolute error (Example 1, Kix,z)=expi-z), fix=expix)-1,
¥ixj=expix), h=0.01%
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Example 2. In (13) K (z,s) = €2z — 55/3),  f(z) = €***/3 X\ = 1/3.Then the
integral equation (13) will take the following form:

1 1
y (o) +3 / By (5)ds = 212 3 € [0;1] (17)
0

The exact solution of the integral equation (17) is:

y(x)=e

The formulas for calculating the coefficients of the optimal quadrature formula are
given below:

C\ = (e"(h—2) + h+2)/h,
Cg)) =" (" 1) (2— (B+1)h)e" + (B—1)h—2) /h,
B=1,2 ..,N—1,
CO = eW-DA(N = 1)h — 2+ (2 — Nh)e")/h,
Y = ((h* = 4h + 6)e" — 2h — 6)/(2h),

cgn = —"BD((—(B+1) B +2(3+2)h — 6)e?" + (12 — 43h)e"+
+(B8 1) h* +2(8 - 2)h — 6)/(2h),
B=1,2 .,N—1,
CH = ((6—2(N —2)h — (N — 1) h?)e™N="V" 4 (N h?+
+2(N — 1)h — 6)e™N" + 2he) /(2h),
C = ("(h® — 8h? + 30h — 48) + 2h + 18h + 48) /(12h);
C}f) = "BV (B +1)h3 — (68 + 8)h? + (126 + 30)h — 48)+
+e"(—=2B8h3 + 4h* — 24Bh + 96) + (B — 1)h*+
+(66 + 8)h* 4 (123 — 30)h — 48)/ (2h)
B=1,2 .,N—1,
CP = (eWDR((N = )R + (6N — 8)h> + (12N — 30)h — 48)+
+eM"(—NRh? — (6N — 2)h? — (12N — 18)h + 48) — 12he(Nh — 1))/(12h),
C5Y = (e"(—h® + 9h2 — 36h + 60) — 3h* — 24h — 60)/(12h),

OF) = =1 (2 (—(B+1)R% + (68 + 9)h? — (125 + 36)h + 60) +
+e"(2Bh* — 6h* + 248h — 120) — (B — 1)h® + (9 — 68)h?—
—12h(B — 3) 4 60)/(12h),

B=1,2 .,N—1,

O = (eW-DR(—pn® — 27h — 36h + 60) + V" (6h° + 33K+
+48h — 60) + he(216h + 72h + 18))/(12h).
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The results for this example are shown in Table 2a,b,c and Figure 2a,b,c for h= 0.1,
0.05, 0.025.

Table 2a, Besulis of solving the integral equation (Example 2, K{x,s)=exp(2=3-5+3/3)/3,
fix)=exp(2*x+1/3), ¥{x)=exp(i*x), h=0.1)
Optimal quadrature formulaz Absolute error

Exact
solution

X

m=1 m=21 m=23 m=4 m=1 m=23 m=4

0,00 100DDDOD | 0999055 10000012 | 10000006 | 10000000 | & 45E-04
010 12214028 | 1,2202485 | 1,2214042 | 1 2214035 | 1,2214028 | 1,15E-03

§.30E-07 | 1,10E-09
T,70E07 | 1,34E-09

020 14918247 | 14904142 | 14918264 | 14018236 | 14018347 | 1.41E-03 1,64E-09
030 18221188 | 1,8203%68 | 1822120 | 18221190 | 1. B221188 | 1,72E-03 2,01E-09
040 22255409 | 22234377 | 22255435 | 2,2255423 | 2.2255400 | 2 10E-03 245E-09
050 27182818 | 2,7157130 | 2, 7182850 | 27182835 | 27183818 | 2, 57E-03 2 00E-09

060 33201162 | 33149783 | 33201208 | 33201100 | 3,5201160 | 3,14E-03 | 3,84E-06 | 2,00E-06 | 3.66E-09
0,70 | 4,055 40513677 | 40552047 | 40552023 | 40552000 | 3,83E-03 | 4,60E-06 | 2,36E-06 | 4.47E-09

(=]
i
L
g

0,80 4.93305324 | 49483516 | 49530382 | 40530355 | 4.0530324 | 4,68E-03 | 5,73E-06 | 3.1ZE-06 | 5.45E-09
050 | 60488475 | 60439303 | 60496545 | 60496513 | G,0486475 | 5,72E-03 | 6,99E-06 | 3, B1E-06 | 6,66E-09
100 | 73800561 | 7,3820732 | 738904646 | T,3B00608 | 73800561 | 6,98E-03 | 8,54E-06 | 4,66E-06 | 8,14E-09

hlnximuom absolute crvor| 698E-00 | A, 5= | A G50 =04 | 8 T4T-07

THE-06

GE-0E

10 e

A6

LOE-06

10065

[LL

12

== = 1 =i =3 =i = 4

Flzure 2a. Graphical lllusiradon of the absolute error (Example 2, Kz s/=expi2 3-8+ 3/3)/4,
f(x)=exp(2*x+1/3), ¥(x)=exp(l*x), h=0.1)
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Table Ib, Results of solving the integral equation (Example 2, K(x,s)=-exp(2*x-5%2/3)/3,
fix)=exp(2*x+1/3), y(x)}=exp(2*x), h=0.05)

g Optmal quadrature formulaz Abszolute error
X; g
: solution m=1 m=2 m=23 m=4 m=1 m=1 m=23 m=4

000 | 100D | 09997638 | 1,0000001 | 10000000 | 10003000 ( 2,36E-04 | 7,22E-08 | 3.04E08 | 1,72E-11

0.10 2214028 | 1,2211142 | 12214028 | 12214028 | 1,2214028 | 2,89E-04 | 8,.582E-08 | 4.81E-0& | 2.10E-11

0,20 4018247 | 14914723 | 14918248 | 14918248 | 14918247 | 3,52E-04 | 1.0BE-0T | 5,8TE-0E | 2,56E-11

0.30 8221188 | 1,8215884 | 1,822118% | 1,8221180 | 18221188 | 4,30E-04 | 1,32E-07 | 7,1TE-0% | 3,13E-11

040 22255400 | 22250152 | 2,2255411 | 2. 2255410 | 2,2255400 | 524E-04 | 1,61E-07 | 8.76E-OE | 3.43E-11

050 27182818 | 2,7176397 | 27182820 | 2 T182819 | 2. 7182818 | 6,42E-04 | 1,.96E-07 | 1.OTELOT | 4.67E-11

060 33201168 | 3,3193326 | 3,3201172 | 33201171 | 3.3201149 | 7B4E-04 | 240E07 | 1.31E40T7 | 5,71E-11

070 40552000 | 40542420 | 40552003 | 40552001 | 4.0552000 | 9 58E-04 | 2,03E-07 | 1.60EOT | 6.97E-11

080 ( 49530324 | 49518624 | 49530328 | 40530326 | 49530324 | 1,17E-03 | 3,58E-07 | 1.95EO7 | £,51E-11

080 60488475 | 60482183 | 60496470 | &,0406477 | 60486475 | 1,43E-03 | 4.37E-07 | 2,38E-07 | 1,4E-10

100 | 73800561 | 73873106 | 738905456 | T,3B00564 | 73800561 | 1,75E-03 | 5,33E-07 | 2,91E0T | 1,27E-10
Maximum absolute crror| 1,75E-00 | 5. 3IC=67 | 2,310-07 | 1.27E-1d

T

SpET

{BEAT

ST

1000

Ty

i

o oz 04 L3 oz 10 12
—iiy = =i =3 —— = 4

Figure Ih. Graphical flustradon of the absolute error (Example 2, Bix,s)=exp(l ‘-84 /3008,

f(x)=exp(2#x+1/3), y{x)=exp(2*x), h=0.05)
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Table l¢, Results of solving the integral equation (Example 2, K(x s)=-exp(1*x-5%5/3)/3,
fix)=exp(2*x+1/3), ¥(x)=exp(l*x), h=0.015)

g Optimal quadrature formulaz Abszolute error
X; g
: solution m=1 m=2 m=23 m=4 m=1 m=1 m=23 m=4
000 | LOGDID | 09999400 | 10000000 | 10000000 | 10003000 ( 591E-05 | 4,51E-09 | 2 46E0% | 2.68E-13
010) 12214028 | 1,2213306 | 1,2214028 | 12214028 | 1,2214028 | 7,21E-05 | 5,51E-09 | 3.01E0% | 3.29E-13

020 14918247 | 14917366 | 14918247 | 14018247 | 1,4018247 | B.81E-05 | 46,73E-0% | 3,6TE-D% | 4.00E-13
030 1,8321188 | 1,8220112 | 1,822118% | 1,8221188 | 18221188 | 1,08E-04 | 8.22E-0% | 4 48E-09 | 4,B8E-13
040 22355400 | 22254005 | 22255409 | 22255400 | 22255400 | 1,31E-04 | 1,00E-08 | 5 48E-09 | 5.909E-13
050 2,7182818 | 2,7181213 | 2, 7182818 | 27182818 | 2,71B2§1E | 1,51E-04 | 1,23E-08 | 6,69E-0% | 7.31E-13
060 33201168 | 3,3199208 | 3,3201146% | 33201169 | 3,3201169 | 1,96E-04 | 1,50E-08 | 8,1TE-0® | 8.91E-13
0,70 4,055 40549605 | 40552000 | 4,0552000 | 4,0552000 | 2,39E-04 | 1,E3E-0E | 9,98E-09 | 1,09E-12
080 49530324 | 4,9527300 | 40530324 | 40530324 | 49530324 | 2,93E-04 | 2,23E-08 | 1.22E-08 | 1.33E-12
080 60488475 | 60492002 | 60496475 | 6,0406475 | 60486475 | 3,5TE-04 | 2,73E-08 | 1, 49E-08 | 1,63E-12
100 | 73800561 | 73886197 | 73890551 | T,3B00s61 | 73800561 | 4,36E-04 | 3,33E-08 | 1,8ZE-08 | 1,98E-12

Minximuam abaolute crror| 436E-04 | AIIT-08 | 1,82T-66 | 1,96T-12

[=]
[
L
g

AT

LN

1558

10EAE 4

S

(L
o0 02 04 05 oF 10 12

ey = == =5 —— = 4

Flizure 1¢. Graphfeal illustradon of the abzolute error (Example 2, Kixz)=-exp(lix-815/3)/3,
fix)=exp(2*x+1/3), ¥(x)=exp(2*x), b=D.015)
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Example 3. In (13) K (z,s) = xze®, f(z) =€, A= 1. Then the integral equation
(13) will take the following form:

1
y(x) — )\/ ze'y(s)ds =e *,x € [0,1]. (18)
0
We obtain the exact solution of the integral equation (18):

y(x) =e* —x/2.

The formulas for calculating the coefficients of the optimal quadrature formula are
given below:

i = (e"(h* — 4h + 6) — 21 — 6) /,
O = "FD (e (5 +1)°h% + (48 + 4)h + 6)+e"(—26°h* + +86h — 12)+
+(B—1)*h* — (48 —4)h+6)/h, B=1,2, ..,N—1,
CV = (" (N?R2 4+ AN — 6) + e DP((N = 1)%h> — 4(N — 1)h + 6)) + he) /h,
CSY = ((h® = 6h? + 18h — 24)e" + 6h + 24)/(2h),

O = ehPD( (B +1)° h* — (28 + 85 + 6)h? + (128 + 18)h—
—24) + (4% h? — 248h + 48) — (B — 1)°h® — (282 + 88 + 6)h>+
+(128 —1))h —24)/(2h), B=1, 2, ..,N —1,

C = (eM"(N? h® + 2Nh2 — (12N — 6)h + 24)+
+eVTUR((N — 1)® B® + 2Nh? + (12N — 18)h — 24) — 20eh? — 4eh) /(h),
P = (e"(h* — 10R® + 54h — 168h — 240) — 6h> — T2h — 240)/(12h),
O = V(e ((8 +1)°h* — (687 + 168 + 10)h°+
+(12% + 608 + 54)h* + (=963 + 168)h + 240)+
+e"(—28%h* +88h3 — (128 + 12)h* + 1928h — 480)+
+(8 = 1) + (682 — 168 + 10)h> 4 (=65 + 308 — 18)h*+
+(—960 + 168)h + +240)/ (12h), B=1,2, .., N —1,

OF = (eM"(—=N? 1' — (6N? — 4N)h® — (12N? — 36N + 6)h*+
+(96N — 72)h — 240) + N V(N = 1)% B* + (6N? — 16N + 10)h*+
+(12N? — 60N + 54)h* — (96N — 168)h + 240) + he(6N? h* + 24Nh + 54))/(12h),
C® = (e"(—n* + 121 — 72h% + 240h — 360)+12h° + 120k + 360)/(12h),
CF) = ehP=Ve (— (8 +1)* h* + (367 + 156 + 18)A% — (128°+
728 + T2)h% + (1208 + 240)h — 360) + €" (2820 — 128h3+
+(248% + 24)h? — 1208h + 720) — (B — 1)°h* — (6% — 188 + 12)h°+
+(—1282 4+ 728 — 72h% + (1208 — 240) — 360)/(12h), B=1, 2, ..,N —1,
CW = (WD (—(N —1)% h* — (6N? — 18N + 12)h® + (—10N>+
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+48N — 1)h? + (120N — 240)h — 360) + M (N?h* + (6N? — 6N )+
+(12N? — 48N + 12)h* — 120(N — 1) +360) — he(2N? h* +12N%h? + 54N h + 88))/(12h).

The results for this example are shown in Table 3a,b,c and Figure 3a,b,c for h = 0.1,
0.05, 0.025.

Table 3a, Rezults of solving the integral equation (Example 3, K{zs}=x%expis), fix)=exp(-
x), ylx)=exp(-x)-x/l, h=0.1)
Pt Optimal quadrature formulaz Ahbsolute error
x; i
solution m=1 m=21 m=23 m=4 m=1 m=1 m =3 m=4

000 [ 10000000 | 10000000 | 10000000 | 1,0000000 | 10000000 (0Q,00E+00 | 000E+DD | 0,00E+0D0 | O.00EHH)
010 | 08548374 | 0.8547057 | 08548374 | 0,8348374 | 08548374 | 4,17E-05 | 1.39E-08 | 4.93E-09 | 3.31E-12
020 07187308 | 0,7185474 | 0, 7187308 | 0,7187308 | 0.7187308 | 8,34E-05 | 2,78E-08 | 1,30E-08 | 6.62E-12
030 | 05908182 | 05906832 | 05908183 | 0,5008182 | 05908182 | 1,25E-04 | 4.17E-08 | 2,08E-08 | 0.92E-12
040 | 04703200 | 04701533 | 04703201 | 04703201 | 047053200 | 1,67E-04 | 5.56E-08 | 2,78E-08 | 1.32E-11
0.50 | 03565307 | 0,3563223 | 0,3565307 | 0,3563307 | 03565307 | 2,08E-04 | 6.93E-08 | 3.47E-08 | 1L.65E-11
060 | 02488116 | 02485616 | 02488117 | 0.2488117 | 02488116 | 2,50E-04 | 8.34E-08 | 4,17E-08 | 1.98E-11
070 | 01465853 | 01462035 | 0,1445854 | 01463834 | 01465853 | 2,92E-04 | 9.73E-08 | 4.86E-08 | 2.32E-11
0.80| 00483200 | 00489055 | 00493291 | 00403200 | 00403200 | 3 33E-04 | 1,11E-07 | 5,36E-08 | 2.65E-11
050 | -0,0434303 | -0,0438055 | -0,0434302 | -0.0434303 | -0,0434303 | 3,75E-04 | 1.23E-07 | 4,23E-08 | 2.98E-11
100 | -0,1321204 | -0,1325374 | -0.1321204 | -0,1321205 | 40,1321206 | 4,17E-04 | 1.39E-07 | §,93E-08 | 3.31E-11

Maximum abaslute crror| 4,17E-04 | 13907 | 62506 | 33111

1 SE47

1AE-07

12E- 1

10607

R

L0

(L
Lo 0z L LU oz 10 12

== = 1 == =3 == =4

Figure 3a. Graphlcal fllusiradon of the abzolute error (Example 3, Kix,sj/=-x*exp(z), fix)=exp(-x),
yiz)=expi-x)}-x/1, h=0.1)
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Table 3b, Results of solving the integral equation (Example 3, K{x.s)=x%exp(s), fix)=exp(-x),

yix)=exp(-x)-x/2, h=0.05)

x;

Exact
solution

Optimal quadrature formulaz

Absolute error

m=1

m=2

m=23

m=4

m=1

m=1

m=23

m=4

0,00

1,0000000

1, 0000000

1, 0000000

1,0000000

10000000

0,00E+00

0,00E+DD

0,00E+DD

0,00E+00

0,10

0.8548374

0,5548270

0,854837

0,85348374

08548374

1,04E-05

5,68E-10

4 HE-10

5,.26E-14

0,20

07187308

0, 7187090

0, 7187308

0,TLEF30E

0, 7187308

1,08E-05

1,74E-00

8,68E-10

1,04E-13

030

05208182

05907870

0,5908182

0,5002182

0.5008182

3,13E-D3

2 60E-DD

130E-D%

1,54E-13

0,40

04703200

04702784

0,4703200

04703200

04703200

4 17TE-03

3A4TEDD

1.74E-0%

2.07E-13

0,50

0,3565307

0,35647R6

03563307

03565307

0,3565307

5,21E-05

4 34E00

LITE-®

2,58E-13

0,50

0,24BB116

0,24537481

0,2488116

0, 2488116

02488116

6,25E-05

5,21E

2,60E-0%

3,10E-13

0,70

0, 1465833

0,1465124

0,1455833

0, 1465853

0,1465853

7,29E-05

§,08E-0%

3,HE-0%

3,62E-13

0,80

00483200

00402456

00403200

0,0453200

0,0423200

B,33E-05

§,95E-09

3ATER

413E-13

0,80

-0,0434303

-0,0435241

-0,0434303

-0,0434303

-0,0434303

0 38E-D3

TEIE-0%

3 PIEE

465E-13

1,00

-0,1321204

-0,1322247

-0,1321204

-0,1311206

-0,1321206

1.04E-04

B GEE-DD

4 J4E-00

517E-13

| SR

18E48

UL

Maximum absolute crror

1OME-04

A, 6RTE-0%

A AT

51TE-12

1)

.z

=i = 1

=== 13

—— = 4

12

Flgure 3b. Graphieal iilusiradon of the abzslute error (Example 3, Kix,sj/=x*expiz), fixj=expi-x),

yix)=exp(-x)-x'2, h=0.05)
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Table 3¢, Kezults of solving the integral equation (Example 3, K(x,s)=x%exp(s),
fix)=exp(-x), y(x)=exp(-z)-x'l, h=0.015)
Optimal quadrature formulaz Abszolute error

Exact

solution m=1 m=2 m=23 m=4 m=1 m=1 m=23 m=4

x;

000 100DO0OD ( 10000000 | 10000000 | 1,0000000 | 10000000 | O.00E+Q0Q | O00E+DD | O,00E-00 | 0,00E+0D
010 08548374 | 0.8548348 | 0.85348374 | 08348374 | 08548374 | 2,60E-06 | 5,43E-11 3,00E-15
0.20) 07187508 | 0,7187255 | 0, 7187308 | 07187308 | 07187308 | 5,.21E-04 | 1,00E-10 | 5.43E-11 | 7,77E-14
030 05008182 | 05908104 | 05908182 | 05008182 | 05008182 | 7.81E-06 | 1,63E-10 | 8,14E-11 | 3.11E-15
040 04703200 | 04703086 | 04703200 | 04703200 | 04705200 | 1,04E-05 1 1,00E-10 | 4,55E-15
050 03565307 | 0,3565176 | 035635307 | 03563307 | 03565307 | 1,30E-05 | 2,71E-10 | 1,36E-10 | 3.35E-13
060 02488116 | 02487960 | 02488116 | 0.2488116 | 02488116 | 1,536E-05 | 3,26E-10 | 1,63E-10 | 447E-13
0,70 01465853 | 0,1465671 | 01465853 | 01463853 | 0,1465853 | 1,82E-05 | 3,80E-10 | 1,90E-10 | 5.55E-15
080 00485200 | 00403081 | 00493200 | 00403200 | 0.0493200 | 2,08E-05 | 4,34E-10 | 2. 1TE-10 | 8,72E-15

[
il
—
(=]

b

080 | -0,0434303 | -0,0434538 | -0.0434303 | -0.0434303 | -0,0434303 | 2,34E-05 | 4.88E-10 | 2,.44E-10 | B.9%EE-15
100 | -0,1321206 | -0,13214464 | -0,1321204 | -0,1321206 | -0,1321206 | 2,50E-05 | 5,43E-10 | 2,71E-10 | 7,B0E-15
Maximum absolute crror| 2,60E-05 | 543C-16 | 2.7IC-10 | 6,98E-15

J0E

|E- 10

1010
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o0 02 04 05 oF 10 12

ey = == =5 —— = 4

Figure 3¢, Graphical fllnziradon of the absolute error (Example 3, Kix,s)j=x"expiz),
fz)=exp(-x), y(x)=exp(-x)}-x'l, h=0.015)
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5 Conclusion

The above examples have also been solved by various numerical methods by other au-
thors, namely the Touchard polynomial method [24], the Bernstein polynomial method
[23], the Chebyshev polynomial method [21], the Gauss-Lobatto quadrature formula [15],
Legendre wavelets [22| and the triangular method functions [9]. The numerical results of
the proposed method (PM) are compared with the results of other authors. For compari-
son, the maximum absolute error was taken, i.e. the maximum value of the absolute value
of the difference between the exact solution and the approximate one. The comparison
results for different values of h - grid step showed the following:

Example 1: at h = 0.1, PM - 1.80E-10, [21] - 0.30E-5;
at h = 0.05, PM - 2.81E-12, [21] - 0.30E-5;
at h = 0.025, PM - 4.66E-14, [21] - 0.30E-5.

Example 2: at h = 0.1, PM - 8.14E-09, [21] - 0.32E-3,

[9] - 6.4E-7, [12] - 1.2E-2, [22] - 5.0E-6;

at h = 0.05, PM - 1.27E-10, [21] - 0.32E-3,
[9] 6.4E-7, [12] - 1.2E-2, [22] 5.0E-6;

at h = 0.025, PM - 1.98E-12, [21] - 0.32E-3,
[9] - 6.4E-7, [12] - 1.2E-2, [22]| - 5.0E-6.

Example 3: at h = 0.1, PM - 3.31E-11, [23]| - 1.0E-3, [24] - 2.0E-3;
at h = 0.05, PM - 5.17E-13, [23] - 1.0E-3, [24] -2.0E-3;
at h = 0.025, PM - 8.98E-15, [23| - 1.0E-3, [24] -2.0E-3.

The comparison results prove that the proposed method is better than the methods

of other authors.

The results prove that as m increases, the optimal quadrature formulas in the space
Lgm)(O, 1) give high accuracy in solving the integral equation.

References

[1] Molabahrami A., Niasadegh S. Multistage Integral Mean Value Method for the Fredholm
Integral Equations of the Second Kind // Thai Journal of Mathematics. — 2020. — Vol. 18,
No. 2. — P. 751-763.

[2] Hazrati A., Khoshhal M. Equations Using a Combination of Chebyshev Collocation and
Lagrange Interpolation // Advances in Environmental Biology. — 2012. — No. 6(3). — P.
1032-1034.

[3] Arrai M. et al. Legendre-Kantorovich method for Fredholm integral equations of the second
kind // Mathematical modeling and computing. — 2022. — Vol. 9, No. 3. — P. 471-482.

[4] Avazzadeh Z., Heydari M., Loghmani G.B. Numerical solution of Fredholm integral equa-
tions of the second kind by using integral mean value theorem // Applied Mathematical
Modelling. —2011. — Vol. 35. — P. 2374-2383.

[5] Abdilrazak B.T. Approximate solutions for solving two types linear integral equations by
using Bou-Baker polynomials method // Journal of Engineering and Sustainable Develop-
ment. — 2017. — Vol. 21, No. 6.

[6] Buruva I.G. et al. On the Solution of the Fredholm Equation of the Second Kind // Wseas
transactions on mathematics. — 2018. — Vol. 17. — P. 319-328.

[7] Chegolin A.P. On the application of the collocation method in spaces of p — summable func-
tions to the Fredholm integral equation of the second kind // Bulletin of higher educational
institutions. — 2020. — No. 4. — P. 55-60.



160

Shadimetov Kh.M., Usmanov Kh.I.

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

Shoukralla E.S. Interpolation method for solving weakly singular integral equations of the
second kind // Applied and computational mathematics. — 2021. — Vol. 10, No. 3. — P.
76-85.

Hatamzadeh-Varmazyar S., Masouri Z. Numerical solution of second kind Volterra and
Fredholm integral equations based on a direct method via triangular functions // Int. J.
Industrial mathematics. — 2019. — Vol. 11, No. 2. — P. 79-87.

Katani R. Numerical solution of the Fredholm integral equations with a quadrature method
// Sociedad espanola de matematica aplicada. — 2018. — Vol. 76. — P. 271-276.

Krishnaveni K., Kannan K., Raja Balachandar S. A new polynomial method for solving
Fredholm—Volterra integral equations // International journal of Engineering and Technol-
ogy. — 2013. — Vol. 5, No. 2. — P. 1474-1483.

Maleknejad K., Kajani M.T., Mahmoudi Y. Numerical solution of linear Fredholm and
Volterra integral equation of the second kind by using Legendre wavelets // Journal of
sciences, islamic republic of Iran. — 2002. — No. 13(2). — P. 161-166.

Hasan P.M.A., Suleiman N.A. Numerical Solution of Mixed Volterra-Fredholm Integral
Equations Using Linear Programming Problem // Applied Mathematics. — 2018. — No.
8(3). — P. 42-45.

Alba P.D., Fermo L., Rodriguez G. Solution of second kind Fredholm integral equations by

means of Gauss and antiGauss quadrature rules // Numerische Mathematik. — 2020. — Vol.
146. — P. 699-728.

Peng G. Numerical simulation for Fredholm integral equation of the second kind // Journal
of applied mathematics and physics. — 2020. — Vol. 8. — P. 2438-2446.

Ramane H.S. Numerical solution of Fredholm integral equations using Hosoya polynomial
of path graphs // American journal of numerical analysis. — 2017. — Vol. 5, No. 1. — P.
11-15.

Shesha S.R., Savitha S., Nargun A.L. Numerical solution of Fredholm Integral Equations
of Second Kind using Haar Wavelets // Communic ations in applied scienc. — 2016. — Vol.
4, No. 2. — P. 49-66.

Wang X.T., Li Y.M. Numerical solution of Fredholm integral equation of second kind by
general Legendre wavelets // International journal of innovative computing. — 2012. — Vol.
8, No. 1(B). — P. 1349-4198.

Shadimetov Kh.M. A method of construction of weight optimal quadrature formulas with
derivatives in the Sobolev space // Uzbek mathematical Journal. — 2018. — No. 3. — P.
140-146.

Manzhirov A.V., Polyanin A.D. Handbook on integral equations: Exact solutions. — M.:
Factorial Press, 1998. — 432 p.

Gulsu M., Ozturk Y. Chebyshev polynomial approximation for solving the second kind
linear fredholm integral equation // Ersiyes UniversityJurnal of the Institute of Sciense and
Technology. — 2010. — Vol. 26, Issue 3. — P. 203-216.

Mundewadi R.A., Mundewadi B.A. Legendre Wavelet Collocation Method for the Numerical
Solution of Integral and Integro-Differential Equations // International Journal of Advanced
in Management, Technology and Engineering Sciences. — 2018. — Vol. &, Issue 1. — P. 151-
170.

Al-Juburee A.K. Approximate Solution for linear Fredhom Integro-Differential Equation

and Integral Equation by Using Bernstein Polynomials method // Journal of the college of
basic education. — 2010. — Vol. 16, Issue 66.



[Ipubnnrkennoe pereHne JNHERHBIX UHTErpaabHbx ypaBHeruii Opearonbma . . . 161

[24] Abdullah J.T., Al-Taie A.H.Sh. A comparison of Numerical Solutions for Linear Fredholm
Integral Equation of the Second Kind // Journal of Physics: Conf. Series. — 2019. — Vol.
1279. — doi: http://dx.doi.org/10.1088/1742-6596/1279/1/012067.

Received March 05, 2024

YIK 519.644

INTPUBJ/IN>2KEHHOE PEIHIEHUE JINMHEMHBIX
NMHTEI'PAJIBHBIX YPABHEHUN ®PE/II'OJIbBMA
BTOPOI'O POJA METOJ0OM OIITUMAJIbBHBIX

KBAJ/IPATYP

L2 [ITadumemos X.M., 2 Yemanos X.H.
*kholmatshadimetov@mail .ru
I Tamnkenrckumit rOCYyJapCTBEHHBIN TPAHCIOPTHBIN YHUBEPCUTET,
100167, ¥Y3bekucran, r. Tamkent, yi. Temupitysramrap, . 1;
NncruryT Maremarukn um. B.J. Pomanosckoro AH PVY3,
100174, Y3bekucram, r. Tamkent, ya. YHuBepcuTeTckas, 1. 9.

B crarpe paccMmaTpuBaeTcs IpUMEHEHHE ONTHUMAJIBHONW KBaJIpaTypHOU (HOPMYIIbI B
IPOCTPAHCTBE JIjIsl YUCJICHHOT'O PeIIeHUsl JUHEHHBIX WHTErpajbHbIX ypaBHenuit Ppe-
roJIbM& BTOPOTO pojia. AHAJU3UPYIOTCS PE3YIbTATHI KOHKPETHBIX IpuMepoB. TouHoe pe-
[IEHUE WCIOJIb3YeTCs I CPaBHEHUS Pe3yabTaToB. JloKaszaHo, 9TO ¢ POCTOM M OITHU-
MaJIbHbIE KBaJ[paTypHble (POPMYJIBI B TPOCTPAHCTBE JIAIOT BBICOKYIO TOYHOCTH PEIICHUS
MHTErPAJIbHOIO YPaBHEHUSI.

KuaroueBbie cioBa: simHeiiHoe WHTErpajbHOe YpaBHEHHE, ONTUMAJIbHAS KBaJIpaTypHAast
dopmyia, Ko duIreHTs ONTUMAILHON KBAIPATYPHONI hOPMYJIbI, AOCOIOTHAS TIOTPEIII-
HOCTb.

Huruposanwue: Illadumemos X.M., Yemarnos X.H. Ilpubnuzkentoe pereHne JTUHERAHBIX
UHTerpajbHbIX ypaBHeHnii PpearojabMa BTOPOro Poia MEeTOIOM ONTHMAJIBHBIX KBalpa-

Typ // Ilpobiemsl BbraucauTeNbHOM U npuKIaHON Maremarnku. — 2024. — Ne1(55). —
C.140-161.
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